This paper proposes a strategy for the analysis and design of a nonlinear robust control system with variable parameters. A digital robust controller is implemented in the system. The approach for the controller design is founded on introduction of system compensation with two degrees of freedom. As a result, the targeted robustness of the system is achieved. The system's stability and robust assessment is based on the interaction between its nonlinear and linear sections. D-partitioning, timeresponse and describing function analyses are implemented before and after the robust compensation. These analyses demonstrate significant improvement of the system performance in terms of insensitivity to variations of the system parameters. The digital robust controller is build of microcontrollers, based on the difference equations of its sections.
Introduction
The objective of the paper is to propose a strategy for the analysis and design of an optimal digital robust controller, based on microcontrollers that can be applied to nonlinear systems with variable parameters. This research is focusing mainly on the challenges of the nonlinear system analysis and the digital robust controller design, founded on implementation of controller's difference equations. The technique employed for the controller design is achieved by applying series compensation with a unity feedback, combined with a forward compensation. The designed controller operates in two degrees of freedom. It suppresses the effects of parameter variations. As a result the parameter uncertainties would affect insignificantly the system performance.
The lack of a comprehensive and user friendly analysis tool for control systems, consisting of linear and nonlinear sections and the absence of a digital robust controller that can make such systems insensitive for any parameter variation within specific limits are the motivating factors for this research. Following some initial ideas of Neimark's D-partitioning [1, 2] , the method is further advanced in terms of its application for digital robust control of nonlinear systems. The employment of the Dpartitioning enables a quick and convenient determination of the regions of stability as a function of parameter variations. Analysis in the discrete-time domain is demonstrating the efficiency of the designed digital robust controller. The assessment of the interaction between the system linear and nonlinear stages with the aid of the Goldfarb stability criterion is based on the describingfunction analysis and examines the robustness of the resulting limit cycles [3] . The accuracy of the analysis is even better for higher-order systems since they have better low-pass filter characteristics. If two or more nonlinear elements are present in the system, their describing functions should be either combined in an equivalent describing function, or they should be separated from each other by an effective low-pass filters. The describing function approach enables the application of frequency-response methods to reshape the locus of the plant's linear section and as suggested in this research to improve the response characteristics.
Since, most real control systems contain elements that drift with time, the correct determination of the exact parameter values is often quite challenging and problematic [4] . The shortcomings of a number of known optimization methods for achieving robustness are the requirements for a very accurate system model. Optimizing systems with wrongly determined models often makes their performance worse rather than better. Alternatively, the results from this research analysis and design are to a certain extent insensitive to parameter drift. Although, in the current research, robustness is examined only as a consequence of the variable gain, further analyses show that the applied compensation technique brings the system to the desirable performance, even in cases of multivariable parameters. digital converter (ADC) converts the continuous-time error signal E(s) into a digital binary signal that can be processed by the computer. At the computer output a digital-to-analogue converter (DAC) converters the computer binary signals into continuous-time signal that drives the plant. A clock synchronizes the operation of the ADC, digital computer and DAC. The digital computer in combination with its interface, ADC and DAC, operates as a digital compensator within the system. The plant consists of a nonlinear and a linear section [3, 4] . For reaching the objectives of this research, a complex realtime tracking control system is considered. Its continuous lineal part is a high order plant section that is preliminary reduced and approximated to a third order system with a transfer function G P (s). Its nonlinear part is an ON-OFF element with hysteresis, having a describing function N(M). A sensor, included in the negative feedback of the system, is representing a transducer that converts the plant's variable under control into a continuous signal of a desired format [5, 6] . To simplify the analysis, it is assumed that the sensor's transfer function has a unity value, implying a unity feedback system.
Since the digital computer can be programmed to perform any form of numerical computation, the digital compensator can realize any type of controller equation or algorithm known as the difference equation. Further, the block diagram of the control system is modified, taking into account that the combination of the ADC, digital computer and DAC can be accurately represented by the combination of an ideal sampler, with a sampling period T, a digital filter D(z), that solves the difference equation, and a zero-order hold (ZOH) [5, 6] .
The complete modified block diagram is shown in Figure  2 . For the purpose of the analysis and robust controller design, the modified system model of Figure 2 will be further simplified by considering only the sampler, the zero-order hold circuit and the plant. Also, the digital filter is assumed as D(z) = 1 during the initial stage of the system analysis. Further, a digital robust controller is designed in terms of its difference equations and is included in the structure of the system. Considering digital robust control, the D-partitioning analysis is applied only to the continuous section of the plant, on condition that the sampling period T s is taken into account. To achieve D-partitioning analysis accuracy, the sampling period T s should be at least 10 times smaller than the minimum time constant T min of the linear section of the plant G p (s), or T s 0.1T min [6] . If this condition is not met, the accuracy of the D-partitioning results is affected to some extent. Nevertheless the method can still be applied with a reasonable effect. As a hypothetical example, the transfer function of the continuous stand alone linear section, as seen from Figure 2 , is: 
The plant's minimum time constant is T min = 0.001sec. Then the sampling period is chosen as T s = 0.0001 sec which satisfies the condition T s 0.1T min .
In the case of the present analysis, the plant's gain K is considered as a variable parameter, although any of the system parameters may be uncertain. To determine the gain marginal limits, the method of the D-partitioning is applied similarly to the cases of continuous systems [2, 7] . curve [6, 7] . This implies that the system is stable only when its gain is within the range 0 K 0.625. The negative part of the stability region D(0) is ignored, since the gain K may have only positive values. At K = 0.625 the system becomes marginal. The marginal step response in the discrete-time domain is depicted in Figure 4 and is achieved by the following code: Step responses at different system gains As well known, the performance of the entire system depends on the properties of the continuous linear section as a stand alone system. The overall system may become even instable if K 0.625. There is a need of a robust control to make the system insensitive to parameter uncertainties.
Interaction with the Nonlinearity
The nonlinear section of the plant is an ON-OFF element with hysteresis. Its input-output characteristic and its properties are shown in Figure 6 . According to the Goldfarb stability criterion the control system is stable, since any locus
is not enclosing this part of Z(M) corresponding to the increment of M after crossing a point (M, ) of a limit cycle [3, 7] . It is assumed in this analysis that the parameters of the nonlinearity change insignificantly.
To plot the function Z(M), supporting calculations are completed with the aid of equation (4) and the results are shown in Table 1 . Table 1 Calculated values of the describing function N(M) and
As seen from the Figure 7 , due to the sensitivity to the variation of the continuous linear section gain K, the intercept points between Z(M) and G P1 (j ), G P2 (j ) or G P3 (j ) correspond to limit cycles that are stable, but with different amplitude M and frequency of oscillation as shown in Table 2 . The results are obtained by calculation and confirmed by interaction with the MATLAB graph. Although under these conditions the system still remains stable, the different properties of the limit cycles affect its performance.
Design of a Digital Robust Controller

Design of a Series Robust Controller Stage
To achieve an optimal robust control, the "Integral of Time multiplied by the Absolute value of Error" (ITAE) criterion can be considered. The ITAE reaches minimum value if the relative damping ratio is = 0.707 [3, 7] . To meet the ITAE criterion, a robust controller consisting of a series and a forward stage is implemented. The controller design employs a two-step compensation operating in two degrees of freedom [7, 8] .
The design strategy for constructing the series stage G S (s) of the controller is such that its two zeros are placed near the desired closed-loop poles satisfying the optimal system condition. The optimal gain K of the continuous linear plant at a relative damping ratio = 0.707 can be determined by applying a unity feedback to G P (s) and further by implementing the code shown below [7, 8] (5) 
Design of a Forward Robust Controller Stage
As evident in the equations (8) and (9) 
D-Partitioning and Time Domain Assessment
Based on the characteristic equation of the total system, the variable parameter K is determined as: 
The D-partitioning curve after the robust compensation is plotted, as shown in Figure 9 , with the aid of the code: Step responses of the robust system for different gains
As seen from Figure 10 , due to the effect of the applied robust controller, the compensated system becomes quite insensitive to variation of the gain K. It is also observed that larger gains K can be employed without affecting the system's performance.
Interaction with the Nonlinearity after Introduction of the Robust Controller
By applying the Goldfarb stability criterion, the system performance can be assessed after the introduction of the robust controller. The function Z(M) is again plotted with the aid of the data shown in Table 1 . The results of the stable limit cycles properties, corresponding to the intercept points between Z(M) and the compensated G P1 (j ), G P2 (j ), G P3 (j ), are presented at Figure 11 and in Table 3 . As seen from Figure 11 and Table 3 , the properties of the limit cycles differ insignificantly, regardless of the variation of the gain K of the linear section of the plant considered as a stand alone unit. Again, this outcome demonstrates the achieved robustness of the system after the application of the robust controller.
Digital Robust Controller ased on Microcontrollers
One of the approaches used to realize the series and forward robust controller stages in analogue systems is to implement RC networks and operational amplifiers [4, 9] .
As an alternative solution in this research, digital filters based on microcontrollers [6, 9] that are corresponding to the two robust control stages, are designed and applied in the system. Taking into account equation (7), the transfer function of the series robust stage can be modified by adding two insignificant poles, as seen from equation (16) --------------------------------- ------------------------------------- Equation (17) can be also presented as: (18), is represented by the following difference equation [6] :
Similarly, from equation (10), the transfer function of the forward robust stage can be modified by adding a zero, as seen in equation (20), to improve the speed of system response: Equation (21) can be further expressed as:
The output of the forward controller in the discrete-time domain is determined from equation (23) 
Based on equation (23), to facilitate the implementation of a forward microcontroller, the transfer function of the forward digital robust control stage D F (z) is expressed by the following difference equation [6] :
The control system with the incorporated two-stage digital robust controller is presented in the block diagram shown in Figure 12 .
Each combination of a sampler, a digital filter D F (z) or D S (z), solving a specific difference equation, plus a zeroorder hold (ZOH), can be represented by a microcontroller that is incorporating an ADC, CPU and DAC [6, 9] , as revealed in Figure 13 . It is seen that Microcontroller F and Microcontroller S, representing the forward and the series robust stages are merged into the control system. They are accordingly programmed to solve the set of difference equations (19) and (24). 
Conclusion
The system is assessed in terms of the interaction between the linear and the nonlinear sections with the aid of the Goldfarb stability criterion, based on the describing-function analysis. The outcome proves that after implementation of the robust controller, the properties of the resulting limit cycles differ insignificantly, regardless of the variation of the gain of the linear section of the system. One of the major advantages of the D-partitioning analysis is the introduction of a clear graphical display of the system's parameters variation and their interaction. A major advantage of the describing-function analysis is again the graphical display and the simplicity of its application for systems with complex dynamics in their linear parts.
Although, the type of the nonlinear stage, used in this research, provides an on-off control with hysteresis, any other low degree of nonlinearity could be considered. The linear part of the system is assessed for robustness in case of its parameter uncertainties. In the case of this research, it is assumed that the parameters of the nonlinearity change insignificantly and do not affect the system behaviour.
An optimal robust controller is achieved by applying forward-series compensation with two degrees of freedom. It consists of a series stage engaged in a unity feedback and a forward stage. The controller enforces the desired relative damping ratio and accordingly the required system performance. Analysis in the discretetime domain before and after the application of the robust controller proves that the system becomes quite insensitive to its parameter variations.
To achieve digital robust control, the transfer functions of the two controller stages are presented by their difference equations. Two microcontrollers are incorporated into the control system as forward and series robust control stages and are programmed to solve their related difference equations. Due to the advantages associate with the digital systems, the microcontroller robust design strategy is always the preferred option and can be applied for any control system.
